On a class of infinitely differentiable functions in ${\mathbb R}^n$
  admitting holomorphic extension in ${\mathbb C}^n$ by Musin, I. Kh. & Yakovleva, P. V.
ar
X
iv
:1
71
2.
05
12
5v
1 
 [m
ath
.C
V]
  1
4 D
ec
 20
17
On a class of infinitely differentiable functions in Rn admitting holomorphic
extension in Cn
I.Kh. Musin1, P.V. Yakovleva2
Abstract. A space G(M,Φ) of infinitely differentiable functions
in Rn constructed with a help of a family Φ = {ϕm}∞m=1 of real-valued
functions ϕm ∈ C(Rn) and a logarithmically convex sequence M of
positive numbers is considered in the article. In view of conditions on
M each function of G(M,Φ) can be extended to an entire function in
C
n. Imposed conditions on M and Φ allow to describe the space of
such extensions.
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1. On the problem. L. Ehrenpreis [2], B.A. Taylor [5] considered spaces
of infinitely differentiable functions in Rn constructed by the following general
scheme. Let M = (Mk)
∞
k=0 be a sequence of positive numbers Mk such that
M0 = 1 and lim
k→∞
lnMk
k
= +∞. Let Φ = {ϕm}∞m=1 be a family of real-valued
functions ϕm ∈ C(Rn) such that for each m ∈ N:
1). lim
x→∞
ϕm(x)
‖x‖ = +∞ (‖ · ‖ be the Euclidean norm in R
n);
2). lim
x→∞
(ϕm(x)− ϕm+1(x)) = +∞.
Define a space G(M,Φ) of infinitely differentiable functions f in Rn as follows.
For each m ∈ N and ε > 0 let Gm,ε be a space of C∞-functions f in Rn with
a finite norm
pm,ε(f) = sup
x∈Rn,α∈Zn+
|(Dαf)(x)|
ε|α|M|α|eϕm(x)
.
Put G(M,Φ) =
∞⋂
m=1
⋂
ε>0
Gm,ε. With usual operations of addition and
multiplication by complex numbers G(M,Φ) is a linear space. The family
of norms pm,ε defines a locally convex topology in G(M,Φ).
Under additional conditions on Φ and M various problems of harmonic
analysis and operator theory in G(M,Φ) were considered in [2], [5], [3].
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Here we study the problem of holomorphic extension of functions
belonging to G(M,Φ). Namely, our aim is to impose conditions on Φ and
M which guarantee that all functions belonging to G(M,Φ) admit extension
to entire functions and allow to describe the space of these extensions. Similar
problems we considered earlier in [4] in case of a subspace of a space of rapidly
decreasing smooth functions on an unbounded closed convex set in Rn.
Note that in [1] there was considered the problem of extension of infinitely
differentiable functions in Rn satisfying with all their partial derivatives some
weighted estimates to entire functions with consistent estimates for growth.
Moreover, weight functions in [1] depend on modules of variables.
2. Conditions on Φ and M and the main result. We assume that
the sequence M satisfies the following additional conditions:
α1). M
2
k ≤Mk−1Mk+1, ∀k ∈ N;
α2). ∀ε > 0 ∃aε > 0 ∀k ∈ Z+ Mk ≤ aεεkk!;
α3). there exists a logarithmically convex sequence K = (Km)
∞
m=0 with
K0 = 1 such that for some t1 > 1, t2 > 1
t−11 t
−m
2 Km ≤
m!
Mm
≤ t1tm2 Km, ∀m ∈ Z+.
Denote by wK a function defined as follows: wK(r) = sup
m∈Z+
ln
rm
Km
for
r > 0, wK(0) = 0.
We impose the following condition on Φ: for each m ∈ N and for each
δ > 0 there exist constants am > 1 (depending only on m) and bm,δ > 0 such
that for each R > 0, x ∈ Rn and ξ ∈ Rn with ‖ξ‖ ≤ R
ϕm+1(x+ ξ) ≤ ϕm(x) + ωK(amδR) + bm,δ. (1)
Let E(K,Φ) be the space of entire functions f in Cn such that for each
m ∈ N and for each ε > 0 there exists a constant cm,ε > 0 such that
|f(z)| ≤ cm,εeϕm(x)+wK(ε‖y‖), z ∈ Cn,
endowed with a topology defined by the family of norms
qm,ε(f) = sup
z∈Cn
|f(z)
eϕm(x)+wK(ε‖y‖)
, ε > 0, m ∈ N.
Here as usual x = Rez, y = Imz.
Using elementary methods we prove the following theorem.
Theorem. The spaces G(M,Φ) and E(K,Φ) are isomorphic.
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3. Auxiliary result. The following Lemma will be used in the proof of
the Theorem.
Lemma. For each r ≥ 0
2wK(r) ≤ wK(et22r) + 3 ln t1.
Proof. Note first that in view of logarithmical convexity of M for all
p, q ∈ Z+ Mp+q ≥MpMq. So and also taking into account the condition α3)
we have for all p, q ∈ Z+
Kp+q ≤ t1tp+q2
(p+ q)!
Mp+q
≤ t1(t2e)p+q p!q!
MpMq
.
Again using the condition α3) we get
Kp+q ≤ t31(et22)p+qKpKq .
With help of this inequality we have for r > 0
2wK(r) = sup
m∈Z+
ln
r2m
K2m
≤ sup
m∈Z+
ln
t31(et
2
2r)
2m
K2m
≤ wK(et22r) + 3 ln t1.
For r = 0 the assertion of lemma is obvious. So lemma is proved.
4. Proof of the Theorem. Let f ∈ G(M,Φ). Then ∀m ∈ N, ε > 0
|(Dαf)(x)| ≤ pm,ε(f)ε|α|M|α|eϕm(x) , x ∈ Rn, α ∈ Zn+. (2)
From this and the condition α2) it follows that
f(x) =
∑
|α|≥0
(Dαf)(x0)
α!
(x− x0)α, x, x0 ∈ Rn,
and the series on the right hand side of this equality converges uniformly on
compact subsets of Rn to f . In view of (2) and the condition α2) on M for
each x0 ∈ Rn the function Ff,x0 defined as
Ff,x0(z) =
∑
|α|≥0
(Dαf)(x0)
α!
(z − x0)α , z ∈ Cn,
is an entire function. Note that for x ∈ Rn Ff,x0(x) = f(x). So for x1, x2 ∈ Rn
Ff,x1(z) = Ff,x2(z), z ∈ Cn. Thus, for each f ∈ G(M,Φ) we defined a
function Ff ∈ H(Cn) such that for each ξ ∈ Rn we have Ff = Ff,ξ in Cn and
Ff (x) = f(x), x ∈ Rn.
3
To show that Ff ∈ E(K,Φ) we need to estimate a growth of Ff . Since
Ff (z) =
∑
|α|≥0
(Dαf)(x)
α!
(iy)α, z = x+ iy, x, y ∈ Rn,
then for each m ∈ N and ε > 0
|Ff(z)| ≤ pm,ε(f)
∑
|α|≥0
ε|α|M|α|‖y‖αeϕm(x)
α!
=
= pm,ε(f)e
ϕm(x)
∞∑
N=0
εNMN‖y‖N
∑
|α|=N
1
α!
=
= pm,ε(f)e
ϕm(x)
∞∑
N=0
εNMN‖y‖N n
N
N !
≤ 2t1pm,ε(f)eϕm(x) sup
N∈Z+
(2εnt2‖y‖)N
KN
=
= 2t1pm,ε(f)e
ϕm(x)+wK(2εnt2‖y‖).
Define a map T : G(M,Φ) → E(K,Φ) by the formula T (f) = Ff , f ∈
G(M,Φ). Obviously, the mapping T is one-to-one and linear. From the last
inequality it follows that for all ε > 0, m ∈ N
qm,2εnt2(T (f)) ≤ 2t1pm,ε(f) , f ∈ G(M,Φ).
This means that T is a continuous mapping from G(M,Φ) to E(K,Φ).
Now we prove that T is surjective and the inverse mapping T−1 is
continuous. For that take F ∈ E(K,Φ) and show that f = F|Rn belongs
to G(M,Φ). By the integral Cauchy formula for each m ∈ N, R > 0, α ∈ Zn+
we have that
(Dαf)(x) =
α!
(2pii)n
∫
· · ·
∫
LR(x)
F (ζ)
(ζ1 − x1)α1+1 · · · (ζn − xn)αn+1 dζ, x ∈ R
n,
where LR(x) = {ζ = (ζ1, . . . , ζn) ∈ Cn : |ζj − xj | = R, j = 1, . . . , n},
dζ = dζ1 · · · dζn. From this we get that
|(Dαf)(x)| ≤ α!
R|α|
max
ζ∈LR(x)
|F (ζ)|.
Obviously,
|(Dαf)(x)| ≤ α!qm+1,ε(F )
R|α|
exp( max
‖ξ‖≤√nR
ϕm+1(x+ ξ) + wK(ε
√
nR)).
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By the additional condition on Φ (inequality (1)) we have that
|(Dαf)(x)| ≤ α!qm+1,ε(F )
R|α|
eϕm(x)+2ωK (εam
√
nR)+bm,ε .
Using Lemma we can find positive constants cm and dm,ε such that
|(Dαf)(x)| ≤ α!qm+1,ε(F )
R|α|
eϕm(x)+ωK(cmεR)+dm,ε .
From this we have that
|(Dαf)(x)| ≤ α!qm+1,ε(F ) inf
R>0
eωK(cmεR)
R|α|
eϕm(x)+dm,ε .
Hence,
|(Dαf)(x)| ≤ α!qm+1,ε(F )(cmε)|α| inf
r>0
eωK(r)
r|α|
eϕm(x)+dm,ε .
From this we have that
|(Dαf)(x)| ≤ |α|!
K|α|
qm+1,ε(F )(cmε)
|α|eϕm(x)+dm,ε .
Consequently,
|(Dαf)(x)| ≤ t1edm,εqm+1,ε(F )(cmt2ε)|α|M|α|eϕm(x).
Hence,
pm,cmt2ε(f) ≤ t1edm,εqm+1,ε(F ).
This means that f = F|Rn ∈ G(M,Φ) and the mapping T−1 is continuous.
Clearly, T (f) = F . Thus, the spaces G(M,Φ) and E(K,Φ) are isomorphic. 
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